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We calculate the continuum- and bound-state I 
the ground state, where l~ is either the electron e~ 
PACS: 12.15.Ff, 13.15.+g, 23.40. Bw, 26.65. +t 



-decay rates of pionic and kaonic hydrogen in 
or the muon 



INTRODUCTION 



It is well-known that pionic and kaonic hydro- 
in the ground state play an important role for 
investigation of low-energy strong interactions 
Pionic and kaonic hydrogen are the bound 
!es, where the electron is replaced by a nega- 
tjw eiy charged 7r~-ineson and iiT^-meson, respec- 
y. Since the tt and K mesons are unstable 
unjier weak decays into the leptonic pairs t~vi, 
wjiere i~ is either the electron e~ or muon yu~ and 
^Cys the antineutrino with the electron Ve or muon 
■wj^Qscvom, the lifetimes of mesic hydrogens should 
restricted by the lifetimes of mesons. The life- 
'tiijies of the free tt" and K~ mesons are equal to 
2.60 X 10-8 s and Tk- = 1.24 x IQ-^s, re- 
stively 0] . However, one can assume that these 
times do not define real lifetimes of pionic and 
abnic hydrogen in the ground state. Since a neg- 
,^vely charged meson is bound, this can probably 
^l^nge the lifetime of mesic hydrogen. In addition 
ijMisic hydrogen can have also the decay channels 
t (SS'erent to the emission of the free leptonic pairs 
^~Vl only. Indeed, mesic hydrogen, which we de- 



note as Hm^'' for m = t: 

the continuum-state i?~-decay Hm ' —^p + t^ + ve 
with the emission of the free leptonic pair £~i'^ and 

— (Is) 

the bound-state £ -decay Hm Hi + i>i, where 
is hydrogen with a bound lepton £^ . 

In this letter we calculate the continuum- and 
bound-state -decay rates of mesic hydrogen in 
the ground state. According to the classification 
of the /3-decays 0,01, these are allowed ^--decays 
with the selection rule AJ^ = G+. 

The calculation of the continuum- and bound- 
state £--decay rates of mesic hydrogen in the 
ground state we carry out in the standard theory 
of weak interactions of hadrons Q using the tech- 
nique developed in @, 0] for the analysis of the 



= TT or _ftr 



is unstable under 

(Is) 



decay rates of the H-like and He-like heavy ions. 
The weak interaction Hamilton density operator 
we take in the form 



V2 



ja 



X [V;£(x)7^(l-7')V'.,(a^)], 



(1) 



where Gf = 1-166 x 10~^^ MeV ^ is Fermi's weak 
constant, Vuq is an element of the CKM-matrix 
with q = d or s for the tt^ or K~ meson, respec- 
tively, equal to Kd = 0.97377 and Ks = 0.22570 

05 J'^^^^i.^) is a hadronic current with V ~ A 
structure and S'?7/(3)-flavour indices a 1,4 and 

6 = 2,5 for the ■k~ and meson decays, re- 
spectively, '4'i{x) and ipviix) are the field operators 
of the £--lepton and the anti-neutrino (neutrino) 
with the £-lepton flavour. 

The wave function of mesic hydrogen in the 
ground state we take in the following form ^] 



|h(? 



{K,<t)) 



(27r)3 



X $ 



Is 



rrimP ~ mpk 



S'^^\K -k-p) 



(fc)aT(p,a)|0), (2) 



where $is(fc) is the wave function of mesic hy- 
drogen in the Is ground state in the momen- 
tum representation cl^ik) and a^(p, cr) are 
creation operators of the meson m and the pro- 
ton, respectively. The operators of creation and 
annihilation of mesons and protons obey stan- 
dard relativistic covariant commutation and anti- 
commutation relations, respectively Q. The en- 
ergy of mesic hydrogen is defined by E-^{is) {K ) = 



A/2, 



where M„ 



eis 



and eis = —a/2aB = — are the mass 
of mesic hydrogen and the binding energy, fim = 
mm'mp/{mm + Wp) is the reduced mass of the mp 
pair and as — l/afi„i is the Bohr radius. The 
wave function <i>is(fc ) is equal to 



(l + a|fc2)2- 



(3) 



Since the wave function (f>is(fc) is normahsed to 
unity [§] 



(2^ 



l$i.(fc)l' = l, 



(4) 



the wave function Eq. Q has a standard relativistic 
invariant normalisation Q 

(H(i^)(i?',a')|H(i/)(i?,a)) = 

= {2TT)^2E^a., [K ) J (3) {K'-K)5„,,. (5) 

Using these definitions we can proceed to calcu- 
lating the continuum- and bound-state f~ -decay 
rates. 



leptonic current [72^7^(1 — 7^)w£>j], where and 
are Dirac bispinors of the lepton i~ and the 
anti-neutrino vi, respectively, and the matrix ele- 
ment of the hadronic current {p\J'^'^^^{0)\mp). The 
(p| J°^*''(0)|mp) contains disconnected and con- 
nected parts 

{p{kp,aj,)\r+'\Q)\m{k)p{q,a)) = 

= {p{kp, CTp)\J^+''>iO)\m{k)p{q, a))disco„n. 

+ {p{kp, ap)\ (0) |m(fc )p{q, a))conn. (9) 
The disconnected part takes the form 

(p(4,crp)|j;^+'''(0)|m(fc)p((f,cr))discon„. = 

X {27:f2Ep{q)5^^\q-kpmAl+^\Q)\m{k)) (10) 

and gives the main contribution to the continuum- 
state ^"-decay rate. The contribution of the con- 
nected part, which we define in Appendix A, is 
smaller compared to the disconnected one. 

As a result the amplitude Eq.®, defined by 
the disconnected part of the matrix element of the 
hadronic current, is [a, H 



CONTINUUM-STATE ^ -DECAY RATE OF 
MESIC HYDROGEN IN THE GROUND 
STATE 

The T-matrix of weak interactions, taken to first 
order in perturbation theory, is equal to Q 



T : 



d'^xH.wix) 



(6) 



For the Hm ' p + £^ + decay the matrix ele- 
ment of the T-matrix is 

{hi-pmnin^) = (2^)4(5(4) (fc, + ke + kp-K) 

xM(h(^^) -.pr;>,), (7) 

where fc^ = {E^,k^), k( = (Ei^ki) , kp = {Ep,kp) 
and K — {E^(is) ,K) are the 4-momenta of the 

anti-neutrino, the lepton the proton and mesic 
hydrogen, respectively. The lepton the proton 
and mesic hydrogen have the polarisations ai, Up 
and a, respectively, the anti-neutrino is polarised 
along its 3-momentum k^ with cr^ = +^ @. The 



amplitude of the H 
defined by 



(Is) 



p + £ + Vi decay is 



M(H, 



(Is) 



pri)e) = -{i>irp\'Hw{0)\K 



(8) 



The matrix element {i>£i^p\T-lw{0)\}lm'), which 
we calculate in the center of mass frame of mesic 
hydrogen, takes the form of the product of the 



m(h1 



pg i>i) 



2M^as)2Ep{kp) 
\ 2Emikp) 



X <i>,,{kp) ^ Vug (OlAl+^'mmi-kp)) 

X [ui{k,,<Ji)r{l-^')v,,{k,,+^)]. (11) 

The matrix element part (01 A°+^''(0)|Tn(--fc „ )) we 
take in the standard form [3] (see also [5l.ll(j|) 

{0\A';^+'\0)\m{-kp)) = ^^/2F„,Q,„ (12) 



where Q — {Em, ~ kp) with Em = y + ^i^d 
Mm = iTim + eis, Fm is the PC AC constant of 
the m-meson equal to Ft^ = 92.4 MeV and Fk — 
113.0 MeV for the tt^ and meson, respectively 

i. 

The decay rate of the continuum-state £ -decay 
is defined by 



(m) 



1 



d^kf 



d^k„ 



2Mjj(i=) j {2ny2Ep {2ny2Ee {2'Kf2E^ 



f2Ep (27r)3^ 
X {2ttY 5^'^\k^ + kt + kp - K) 
X |M(Hi^/) -^p£-v,)\\ 



(13) 



where |M(H. 



(Is) 



|M(H, 



(Is) 



p£ i>^)p is given by 



(7 (Tp <7l 



2 



xl&Gl\V^,\'Fl\<^Uh)? 

y<{{Q-h){Q-K)~^Q^ih-K)y (14) 

Substituting Eg. p^ into Eq.(fT5| we arrive at the 
decay rate 



A 



(m) 



\^is{kp)\' 



{2TTf2Em {2T:f2Ei, {2ttY2E^ 
X (2^)4j(4)(fc, + ki + kp-K) 16Gl\Vug\^Fl 

X ({Q-hKQ-k,)-^Q^{ki-k,)y (15) 

For the integration over the phase volume of the 
lepton i~V£ pair we use the formula 

T^^iP) = \j {kikt + fcf fc? - g'^^ih ■ k,)) 

d^kf d'^kjj 



X {2Tif5^^\P-k^-ki)- 



2TTY2Et {2ttY2E^ 



1 + 2 



p2 ) p2 



2 P^J 



487r V P2 



(16) 



where P = K - kp ~ Q and ~ A/^ ~ m^, 
as the main contribution to the integral over kp 
comes from the region \kp\ ~ l/as — afim- 

Substituting Eq. fTB)) into Eg. pS)) and integrat- 
ing over kp we get 



A 



(m) _ ^2 



(17) 



where we have used the normalisation condition 
Eq.([3]) for the wave function ^is{kp). At the ne- 
glect of the binding energy Mm = mm + eis — 
the obtained continuum-state ^"-decay rate coin- 
cides with the -^"-decay rate of a free m-meson 

i- 



BOUND-STATE £ -DECAY RATE OF 
MESIC HYDROGEN IN THE GROUND 
STATE 

In the bound-state ^"-decay of mesic hydrogen 
Hi + Pi, we get hydrogen Hg with 



the lepton £~ , which is practically in the bound 
(ns) state 0, where n is the principal quantum 
number, and the anti-neutrino Due to the hy- 
perfine interaction ll| hydrogen can be in the 
hyperfine (ns)F states with atomic spin F = 
and F = 1 0, im . The contribution of the excited 



nL-states with L > 0, where L = l,...,n— 1 is 
the angular momentum, is negligible small. Nev- 
ertheless, for the calculation of the bound-state 
^"-decay rate we will analyse the contribution of 
all excited nLMi-states of hydrogen Hi, where 
Ml ~ 0, ±1,...,±L is the magnetic quantum 
number. We will show that the main contribution 
comes from the ns-states only. 

The wave function of hydrogen in the nLM^- 
state we take in the form [12 



IH 



(9 )) = 



1 



d^ki 



(27r)3 
d^k 



2E,.,iq] 



'^5^^\q-ki^kp) 



X <PnLML 



2Ei{k() y2Ep{kp 
^nipki — rriikp 



rur, 



mi 



X aiLMSki,ai) al{kp,ap)\Q) , 



(18) 



where E^ 



5 2 and q are the en- 



ergy and the momentum of hydrogen, M„(„) — 
mp + mi + e„ is the mass of hydrogen and e„ is the 
binding energy of the nL-state, 4>nLML (k ) is the 
wave function of the nLM^ -state in the momen- 
tum representation [§] (see also 12|-(l3|). 

For the amplitude of the bound-state ^"-decay 
we obtain the following expression 



M(H 



{Is) 



= - V2Gfv;, 



d^k 



l2M^a.)2E^i,.->{q)E, 
2MZ 



(27r)3 '^"^A'f^ {k~ky) $i,(fc ) 
X (0|A^+^''(0)|m(fc)) [vlyx,:\. 



(19) 



where ip\^ and Xvi ^re the spinorial wave functions 
of the lepton £^ and the anti-neutrino Ui, respec- 
tively, and (T^ = (1, — ct). The contribution of the 
matrix element of the hadronic current we define 
only by the disconnected part (see Appendix A). 

Using the standard expression for the matrix el- 
ement of the axial-vector current 0, [l3| 



{Q\Al+'\0)\m{k))=iV2F„. 
with Q,, = {Em, - A: ), we get 



(20) 



2M (1.) 2E ,„,{q)E, 
= - 2i GFVunFmAl '" ' 5, 



{Mmlvi.X^e] / d''xrnLMA^)'^is{r)e- 



3 



xe-*^--^}, (21) 

where we have proceeded to the coordinate repre- 
sentation [6[(see also (tJ) and used the obvious ap- 
proximation Em — Mm = mm + Els, ^s the main 
contribution to the integral over k is defined by the 
region \k\ ~ l/as = a^m- Since de Broglie wave 
length of the anti-neutrino is smaller compared to 
the Bohr radius of mesic hydrogen, the main con- 
tribution to the spatial integral comes from the 
origin. This gives 

M(H(1^) ^ jjf iMi.) + j>,) ^ _ ^ GpVuqFm Saa, 

X (5^,^+1 Slo Sm^o y^2Mjj(i,) 2E^i^„^ (q) 2MmE^ 
x^„oo(0) (l~ ^)^is{E.), 

(22) 

where '0nOo(O), the wave function of hydrogen 
in the ns-state at the origin, is equal to tpnooi^) ~ 
•\/ a-^fig/iTn-^ with the reduced mass of the £^p pair 
Hi — menip/ (mp+me) . This testifies that the main 
contributions to the bound-state £~-decay rate of 
mesic hydrogen come from the (ns)-states, which 
are splitted into the hyperfine (ns) i?-states with 
F = and F = 1, respectively. 

The bound-state £~-decay rate of mesic hydro- 
gen is defined by 0] 

A,- = y y A,- {{ns)F) = -— — y 

" 1 ni " 2M„(le) ^ 

n=lF=0,l tim n=l 

xl |M(H(^^)->H("^)-|-^,)r (23) 

(T.(7p ,(T£ 

The calculation of the r.h.s. of Eq. (P5|) is rather 
straightforward and the result is 



A,- = C(3) Gj,\Vuq\^Flmm^Jimp + m,)2 + E^ 




where C(3) = 1.202 is the Riemann function, ap- 
pearing as a result of the summation over the prin- 
cipal quantum number n, and Ei, is equal to 

Ey ^ (mm - mi>)\l - ; . (25) 

V 2 TOp -|- mm ' 



For the calculation of A„- we have neglected the 
contribution of the binding energies. The nu- 
merical values of the lifetimes of mesic hydrogen, 
caused by the bound-state £~-decays, are adduced 
in Tablet. 





77 


K- 


r - 


15.83 min 


4.18yr 


T - 


2.29 X 10* yr 


1.10 X lOVr 



TABLE I: The lifetimes of pionic and kaonic hydrogen, 
caused by the bound-state i?~-decays. The lifetimes 
are related to the decay rates as r^- = '^l^g- ■ 



CONCLUDING DISCUSSION 

We have calculated the continuum- and bound- 
state f~ -decay rates of pionic and kaonic hydro- 
gen in the Is ground state, where i~ is either the 
electron e~ or the muon pT . According to classifi- 
cation of /3-decays 0, |3| , these are allowed decays 
obeying the selection rule AJ-^ = 0+. To the cal- 
culation of these decays we have applied the tech- 
nique, which we have used for the analysis of the 
H-like and He-like heavy i40pj.58+ and i40pj.57-K 
ions and the continuum- and bound-state /3~- 
decays of bare 207xi8i+ 205jjg80-H -^^^^ ^ r^^^ 

advantage of the ^"-decays of pionic and kaonic 
hydrogen is that the hadronic matrix elements, 
equivalent to the nuclear matrix elements for the 
weak decays of heavy ions, can be calculated ex- 
plicitly within current algebra and the PCAC hy- 
pothesis for the 7r~ and K~ mesons [loj . 

We have shown that the decay rates of the 
continuum-state £~ -decays of pionic and kaonic 
hydrogen practically coincide with the decay rates 
of the free 7r~ and K~ meson. This means that the 
Coulomb interaction, responsible for the existence 
of pionic and kaonic hydrogen, is not enough to in- 
fiuence considerable on the lifetime time of bound 
mesons. As a result the lifetimes of pionic and 
kaonic hydrogen should be restricted by the life- 
times of the free 7r~ and K~ mesons. The Coulomb 
corrections to the continuum-state £~ -decay rate, 
caused by the Coulomb interaction between the 
proton and lepton l~ in the final pi~ve state, can 
be described by the Fermi function However, 
for the continuum-state £~-decay of mesic hydro- 
gen the final-state Coulomb interaction between 
the proton and the lepton £^ can be neglected, 
since the main contribution to the integrals over 
the phase volume of the final p£~i>e state comes 



4 



from the region Ei Mm/2, where leptons are 
relativistic. 

The hfetimes of pionic and kaonic hydrogen, 
caused by the bound-state -decays, are r'^_ = 

15.83 min and — 4.18 yr, respectively. In turn, 

the hfetimes of pionic and kaonic hydrogen, re- 
lated to the bound-state /^"-decays, are of order 
of r'^- ^ 10^ yr and ^ 10^ yr, respectively. 



Appendix A: Connected part of the matrix 
element of the hadronic current 



The calculation of the connected part of the ma- 
trix element of hadronic current we perform by us- 
ing the reduction technique J^] and the PCAC 
hypothesis [l^, Ell • This gives 



{pikp,ap)\J^+'''mm{k)pi^k,a)), 



lim 



V2F„ 



(— i) / cl^xe 



-ik ■ : 



x{p{k„a,)\T{A';,+^''{0)d"Al-^\x)M-k,a)), 

(A-1) 

where T is a time-ordering operator [l5| . The cal- 
culation of the r.h.s of Ea. (|A-l[) we carry out in the 
chiral limit fc — + ( soft-meson limit) and current 
algebra technique 3, l3| . Using the relation 



T{A''+'''{Q)d°'Al-'''{x)) = d°'T{A''+'\0)Al-'\x)) 



-Six^Ml+^^OlAr^^x)], 



(A-2) 



taking the chiral limit and keeping only the leading 
contributions we arrive at the following expression 

"MM 



{p{kp,CTp)\J^+^''{0)\m{k)p{-k,a)), 



V2F„ 



X (pik,, a,)\[Al+'^\0), Qr-'mm ^)>, (A-S) 

where Q'^~^^{0) is axial charge operator [13, lisj . 
The result of the calculation of the matrix element 

is [iSHH 



(p(fcp,fTp)|J^+*''(0)|TO(fcM-fc,a)), 
' V2Fm 



(A-4) 



where kp+p = {Ep{kp)+mp, kp) and Tmikp) is the 
form factor defined by T^-ikp) — 2T^-{kp) — 

The connected part of the matrix element of 
the hadronic current is proportional to the ampli- 
tude of low-energy mp scattering. Indeed, tak- 
ing the limit /cp — > and multiplying both sides 



of Eq. (|A-4[) by the factor {—i)mm/ V2Fm, related 
to the m-field in the final state [10|, we arrive at 
the Weinberg-Tomozawa term of m scattering at 
threshold [l3L[l7t 

Mimp ^ mp) = -i-^ (p| J2+'^(0)|™p)co„n. = 



'V2F„ 



F2 



^m(O), 



(A-5) 



where J^^-(O) = 1 and ^/<--(0) = 2 for 7r~p and 
K~p scattering (see [l3| and [l3|), respectively. 

For the continuum-state £~-decay rate, caused 
by the connected part of the matrix element of 
hadronic current, we get the following expression 

,,Gl\V^,\'mjiMl-mj)' 



X 



1*1.(0)1^ 



327r3 F2 

2-2-2 



X / dkpkpTmikp), 



(A-6) 



where kp = 



kp\ and ^'is(O) = ^/ofiJj^jTT is the 
coordinate wave function of mesic hydrogen in the 
ground state at the origin. 

The ratio R^- = ;^("'"" )^^(™) jg equal to 



1 



87r3 M2 

^ m m 



2567r2M2Fi, 



(A-7) 



where My — 843 MeV is a slop parameter [l6| . 
The numerical values of the ratio for the ■k~ and 
mesons is to 



1.2 X 10" 
3.2 X 10" 



TO = TT 
TO = 



(A- 



This value gives a hint that the contribution of 
the connected part of the matrix element of the 
hadronic current to the continuum-state ^"-decay 
rate should be small. The correct contribution 
of the connected part to the continuum-state £~- 
decay rate one can estimate from the interference 
of the connected and disconnected part of the ma- 
trix elements of the hadronic current. Using the 
result Eq. (|A-7[) one finds that the ratio of the 
continuum-state -decay rate to the interference 
term should be of order 0.1%. This shows that 
the main contribution to the continuum-state 
decay rate of mesic hydrogen is defined by the dis- 
connected part of the matrix element of hadronic 
current. Of course, the same conclusion is valid for 
the bound-state •^"-decay rate. 
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